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Loads Induced by Terminal-Shock Boundary-Layer

Interaction on Cone-Cylinder Bodies

Lars E. Ericsson™
Lockheed Missiles and Space Company, Sunnyvale, Calif.

An analysis is described that can define the loads induced by shock-induced separation at
high subsonic speeds. The supersonic flow region aft of the cone-cylinder shoulder is ter-
minated by a normal shock that causes the boundary layer to separate. At increasing angle-of-
attack the leeward side boundary layer is thickened due to crossflow effects and is more easily
separated, resulting in a forward movement of the shock. On the windward side, opposite
effects occur, and a negative forebody load is generated. When the angle-of-attack exceeds
a critical value, the leeward side boundary layer can nowhere support the shock due to the
steepening adverse pressure gradient near the shoulder. As a consequence, complete flow
separation occurs on the leeward side with an associated large discontinuous change of the

forebody load.

Nomenclature

a = speed of sound, mile/sec

Crne = dCn/da

¢ = reference length or cylinder caliber, m

M = Mach number (U/a)

N = normal force, kg[coefficient Cx = N /(pU?/2)8]

P = static pressure, kg/m?[coefficient C, = (p — ps)/(pU?%/
2)]

P = static pressure ratio, P = (p — p)w/Pt,; Pz = OP/0%

p: = total pressure, kg/m? :

q = dynamic pressure, ¢ = ypM?/2

R, = Reynolds number, R, = Ugc/vs

S = reference area, mc?/4

U = vehicle velocity, miles/sec

w = crossflow, miles/sec

z = axial coordinate, m

@ = angle-of-attack, rad or deg; oo = trim value

¥ = sgpecific heat ratio (y = 1.4 for air)

I =14 (y—1M?*/2

5 = boundary-layer thickness, m

8* = boundary-layer displacement thickness, m

A = incremental difference

[ = body attitude, rad or deg

9. = cone half-angle, rad or deg

v = Prandtl-Meyer expansion angle, rad

vo = kinematic viscosity of freestream, m?/sec

£ = dimensionless axial distance from cone-cylinder shoulder,
£E=x/c

o = density of air, kg see?/m*

@ = azimuth angle, rad

Subscripts

a = attached flow

AC = aerodynamic center

B.L. = due to boundary-layer buildup

c = cone

crit = critical

cyl = cylinder

C = total cylinder load

e = local external flow

LW = leeward

WW = windward

0 =att=0

5 = due to pressure gradient buildup (8 = constant)

s separated flow or shock wave in separated flow
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sh = shock wave in attached flow
1,2 = numbering subscripts
o = undisturbed flow

Superscripts

Il

7 induced, e.g., A‘Cy = separation-induced normal force
coefficient

self-induced pressure in attached boundary layer after
normal shock, e.g., p!

value downstream of normal shock
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Introduction

LENDER cone-cylinder bodies are usually not expected

to cause the aerodynamicist any problems. The only
problem arises in a very narrow speed range at high subsonic
Mach numbers. At these speeds the normal shock terminat-
ing the local supersonic speed region aft of the cone-cylinder
shoulder causes boundary-layer separation. When the
angle-of-attack is increased above a certain critical value,
the separation jumps forward to the cone-cylinder shoulder
on the leeward side. The associated discontinuous change
of the aerodynamic load is very large.

Statement of Problem

Experimental data obtained by Robertson and Chevalier!
reveal the following distinct terminal shock characteristies on
cone-cylinder bodies: At high subsonic speeds a terminal
shock appears downstream of the cone-cylinder shoulder,
causing local boundary-layer separation (Fig. 1). When the
angle-of-attack o is increased, the leeward side separation
jumps forward to the cone-cylinder shoulder. The large
discontinuous load change can be appreciated by comparing
it with the pressure change when « is increased from zero
to 2° for 6, = 20°. The jump to complete leeward side
separation occurs at higher «’s the more slender the conical
forebody is.

Figure 2 shows another characteristic of the interaction
between the terminal shock and the boundary layer. The
leeward side shock moves forward of the windward side
shock at angle-of-attack, thereby creating a negative cylinder
load (Fig. 2, left). This is contrary to the expected effect
of the increased leeward side Mach number at angle-of-attack,
as an increase of Mach number moves the shock back (Fig. 2,
right). When the surface Mach number is increased by in-
creasing the cone angle rather than by increasing «, the ex-
pected aft movement of the terminal shock results (Figs. 1 and
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Fig. 1 Effect of angle of
attack and cone angle on the
aerodynamic characteristics
at M, = 0.89 of a cone-
eylinder body with separated
flow (Ref. 1. ¢ is distance
from cone shoulder).

3).t Figure 3 also illustrates the opposite effects of increasing
Mach number and increasing angle-of-attack.

The resultant problem may be described as follows. In
inviscid flow, the effects of increasing Mach number and in-
creasing angle of attack on the leeward side shock movement
would be the same, both causing the shock to move down-
stream. The forward movement of the leeward side shock
and the associated boundary-layer separation in viscous
flow results because the leeward side boundary layer is thick-
ened and weakened (profile-wise) through forebody cross-
flow. Since the unsteady aerodynamic characteristics for
inviseid attached flow and for viscous separated flow are
drastically different,® ability to discriminate between viscous
and inviscid effects is essential. In what follows it will be
illustrated how this diserimination can be accomplished for
cone-cylinder bodies.

Analysis and Discussion of Results

The shock boundary-layer interaction, i.e., the viscous
effects on the terminal shock aerodynamics, is governed
mainly by how the approaching boundary layer is affected by
forebody crossflow and by external axial velocity gradients.
The resulting loads are primarily caused by the differential
shock locations on leeward and windward sides, and in a first
approximation the shock strength can be assumed constant.
On the leeward side increasing a produces an increasingly
thick boundary layer as well as an increasingly adverse pres-
sure gradient. The consequently weakened boundary-layer
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1 The carpet plot? as used in Fig. 3 is an invaluable aid in ex-
tracting maximum information from experimental results.
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Fig. 3 Combined effects of «, 6., and M, on the terminal-
shock location on cone-cylinder bodies.

profile cannot negotiate the pressure jump through the
shoeck. The shock, therefore, moves forward to a location
where the thinner boundary layer is strong enough to support
it (Figs. 2and 3). 1In proximity of the cone-cylinder shoulder
with the sharply increasing adverse pressure gradient, such
an equilibrium position can no longer be found, and the shock
jumps all the way forward to the cone-cylinder juncture
with a resulting complete leeward-side separation (Fig. 1).

The pressure distributions in Fig. 2 show some slight over-
pressure behind the shock followed by an expansion down to
free-stream pressure p.. The overpressure is caused by the
separated flow wedge (or flare). In inviscid flow, the pressure
aft of the shock would be p., and the pressure distribution
could be represented as sketched in Fig. 4. (It will be shown
later that the overpressure due to boundary-layer thickening
in attached flow can be neglected when determining the shock
position.) The pressure distributions in Fig. 2 indicate that
the terminal shock is strong and can be treated as a normal
shock. Thus, the pressure jump, p1/P1 = p1/P., through the
shock can be computed using normal shock relations*

P1/Pte = Po/Pres (1/P1)
(p/Pr7Y) = [2v/(v + DM — (v = 1)/2v] (D)
M2 = To/vIMo* — (v — 1)/27v]
that is,

P = (0 — Po)/Pre = — 0a/Pe)(1 — p1/P1)

Py = —(2y/(y + DI = MAT,- -0 P

pipy

PPy

Fig. 4 Sketch of inviscid

terminal-shock aerody-
namies.
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Fig. 5 Transonic pressure distributions over cone-
cylinder bodies at « = 0 (Ref. 1).

If the inviscid pressure distribution P(§) ahead of the
shock were known, the terminal shock location Ea in in-
viseid flow would be determined by

P(taw) = P ®)

Static data for cone-cylinder bodies at high subsonic and
transonic speeds! show the P(£)-distributions for various cone
angles to be very similar (Fig. 5). Borrowing Syvertson’s
and Dennis’ concept’® of exponential decay from the shoulder
pressure parameter Py, one may express P(£) as follows:

P = Py e@P/3)0t/Po @)
Defining (0P /0£), as
(QP/0&)o = —Po/bo (5)
makes P(£) take the following simple form
P(§) = Pe~¥/k 6
10 e = 10°M_ = 0.998
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Fig. 6 Effects of 4. (top) and M., (bottom) on pressurc
decay P(¢) from shoulder pressure parameter Py at a = 0.
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Fig. 7 Shoulder pressure ratio po/p:. as a function of

cone angle 6, and Mach number M, at o = 0.

That is, P(£) is determined uniquely by the two parameters
Py and &. The pressure distributions in Fig. 5 (Ref. 1) are -
well correlated by one &-value (Fig. 6). Also the data ob-
tained at lower Mach numbers and by other investigators
indicate that P(%) is satisfactorily given by Eq. (6) using a
value of & = 0.9 independent of 6. and M., (Fig. 6, bottom).}

-0.5

Fig.8 Inviscid pressure distribution P(¢) at M., = 0.88 and

a=0.

1 The experimental pressures at § = 0 in the bottom graph of
Fig. 6 have not reached their peak values. P°/p., can only be
obtained theoretically, or by extrapolating down to ¢ = 0, due
to the “viscous fairing’’ of the shoulder.
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Fig. 9 Combined effect of Mach number and cone angle
on the terminal-shock location in inviscid flow over cone-
cylinder bodies at a = 0.

Combining Eqs. (3) and (6) gives the shock location £ in
inviscid flow

(Esh)mviscid = Eo 1H(P0/P1) (7)

P, is given by Eq. (2) and Py is obtained through po/p«.,
as is shown in Fig. 7, where po/p.,, is given in form of a carpet
plot.2 At slightly higher than ecritical Mach numbers,
M., = M, sonic speed is reached just before the shoulder
expansion, and po/p.,, is well approximated by a 909 effective
Prandtl-Meyer expansion. At lower Mach numbers, M, <
M :ie, the pressure drop through the shoulder expansion re-
mains approximately constant. At higher Mach numbers,
M, > M, supersonic cone surface Mach number M, > 1
is reached before the corner, corresponding to an initial
(pre-corner) expansion angle »,. Thus, P, can be described
as follows:

.P()z

gpo/ptm = Do/ Pte; Mo > Meis ®

(PO)Mm=Mcrit 3 Mw < Mcrit

Do/ Py = (P/Pte) v =0.960+1n

For the low supersonic range, 1 < M. < 2, the following
approximation of p/p,, gives less than 3-9, error,®

(p/pzw) v =090c+r =~ 0.528 exp[_’ (2780 + 3V0) ] (9)

With P, defined by Eqs. (8) and (9), experimental data
from Refs. 1 and 7 were plotted in form of P(£)/P, (Fig. 6).
As can be seen, one value of &(&% = 0.9) in Eq. (6) defines
the attached flow pressure decay within the scatter of the
experimental data.
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Fig. 11 Terminal-shock location in inviscid and viscous
flow on cone-cylinder bodies at « = 0.

The inviseid pressure distribution given by Eqs. (6) and
(8) for cone-cylinder bodies at M., = 0.88 are shown in Fig. 8.
The steepening adverse pressure gradient with increasing
cone angle is well illustrated. Combining Eqgs. (2, 7, and 8)
for & = 0.9 gives the inviscid shock position £n shown in
Fig. 9.

In attached flow the boundary-layer displacement slope
06*/0x would cause the pressure aft of the shock to be p! >
P For turbulent boundary layers at Reynolds numbers
generally obtained in wind tunnel tests, e.g., those in Ref. 1,
the pressure p! is at most a few percent above p.,. Otherwise,
by decaying the shoulder pressure exponentially to p! instead
of p., identically the same shock position as that shown in
Fig. 9 would be obtained, regardless of the exact value of pt.

Because of the boundary-layer shock interaction, the termi-
nal shock location in viscous flow (Fig. 3) is well upstream of
the inviseid shock location, as is illustrated in Figs. 10 and 11.
The aerodynamic loads produced by the shock-induced
boundary-layer separation are determined solely by the
terminal shock location on the vehicle.§ As shown in the
Appendix, the separation-induced load can be approximated
as follows:

AiCnqg, = AC,[(dAE/do)iw — (dAiE/da)ww]  (10)

where AC,,, the pressure jump across the shock, is a constant.
The shock motion derivative dA¢¢,/da is the difference be-
tween the viscous and inviscid motion derivatives, dAi§,/da
= d&;/da — d&aw/da, where dE,/do is given by static experi-
mental data (Fig. 3) and d&./da can be computed, Egs. (7)

i i
a4 ts . 98 &
Tge_ T\ o0&

c

é

JUMP T0

COMPLETE
: SEPARATION

Il 1 1 1 [ 1 1 |
0.84 0.88 0.92 0.96 0.98 M,

Fig. 12 Effect of boundary-layer thickness and pressure
gradient on the terminal-shock movement on a 20 cone-
cylinder body at « = 0 and high subsonic Mach numbers.

§ This would be true also when including second-order effects
due to changing shock strength.
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Fig.13 Normal force derivatives induced by the terminal-
shock movement on a 20° cone-cylinder body at o = 0 and
high subsonic Mach numbers.

and (8). The shock position at angle-of-attack is deter-
mined by boundary-layer buildup (dd/de) and adverse
pressure gradient buildup (dPg/de). For constant shock
strength (see Appendix for justification), the following rela-
tions exist:

dA’E, DA, db | 0AW, dPy, (11)
da 38 do ' OP; da
dd _ 08 dwsc , B dPy, 12)
da Owac de dP¢, da
dP: OP; oP;, db
s = (== s 20 13
da < oa )a t 2 da (1)

The last term in Eq. (12) can be neglected, as the crossflow
effects dominate the boundary-layer buildup. wuac is the
crossflow at the aerodynamic center of the body upstream
of the shock position, i.e., the forebody crossflow effects are
lumped in the manner described in Ref. 3.

Under those assumptions, Eqs. (11-13) define the com-
ponents (dAE,/da) s due to boundary-layer buildup at con-
stant inviscid pressure gradient as follows:

(dmgx _ (aAiss +bAi$,0iss 08 dwic \p
da Jpr. \ 08 oP;, 00 ) dwac da

The component due to (inviscid) pressure gradient increase is

QAL ?BEL-’) QAL
( da )s N (aa s OP%, (15)

o——%=

1
30°

d—: MEASURED {see inset)

Fig. 14 Effect of angle of attack on adverse pressure
gradient at « = 0.and M, = 0.88.
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Fig. 15 Decomposition of the angle-of-attack effect
dAits/da into its various components at « = 0 and M, =
0.88.

In the first approximation, the effect of '« without bound-
ary-layer buildup is-equivalent to the effect of 6. (both
effects given by a 90-9%, effective Prandtl-Meyer expansion),
ie.,

aAiEs _ d_Aj‘_E‘s _ i&g _ d&sh
( Oa )a B B (16)

The boundary-layer buildup effect makes up the rest of
the total angle-of-attack effect, as illustrated in Fig. 12.
When the shock moves closer to the cone-cylinder shoulder
with decreasing M., the effect of the boundary-layer buildup,
(dA¢E,/da) s 1., decreases. This is the result of the decreased
length. Only the forebody portion aft of the shoulder is
effective in this buildup, since the shoulder essentially serves
as the starting point for a new boundary layer with or with-
out reverse transition from turbulent to laminar boundary
layer® At M, = 0.85, the boundary-layer buildup effect
has disappeared for 20° cone angle (Fig. 12). The force
derivative induced by this shock movement is shown in
Fig. 13, as obtained by use of the shock pressure jump, given
by Fig: 2 and Eq. (10).

The two force components are

QACY) _ oML\ (oA%, ]

( o« >3 = ACs |:< oa )%W < o« >5WW an
dACy da, _ (dmg) ]
( da )BAL. ACP&I:( da )B.L.LW da B.LWW

(18)

i
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Fig. 16 Effects of adverse pressure gradient at o = 0 and
M, = 0.88.
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The pressure gradient immediately ahead of the point of
separation (£,), given by Eq. (6), is

Py, = (0P/0%). = —P./% (19)
Thus,
(OP¢,/0080)inviscia = — [(Ps/Po)dPo/08.1/%  (20a)
(OP¢,/0a) inviseia = — [(Ps/Po)OP,/0a]/ % (20b)
Equations (8) and (9) give
OPy/08. = —2.7py/p: o 21)

Assuming as before that (0P,/0a)s is given by 0P,/08.,
one obtains (OP¢,/0)invissia = (OP¢,/0c)s as follows [through
Eqgs. (20) and (21)1:

(OP;,/00)s = 2.7(Ps/Po)po/Deu &0 (22)

where
P./Py = C,/Cry = — AC3/Crin
and
Po/ P, = 0.528 exp[—(2.76. + 3vy)]
Also, from Eq. (6),

P,/Py = exp(—§&/k) = exp(—£/0.9)

Hence,
(OP; /0oa)s = 1.584 exp[—(1.11& + 2.76. + 3ve)]  (23)

The measured total dP¢ /da may be determined as follows
(see sketch in Fig. 14)

dPg /da = (Pg,/Cp)dC,,/da (24)
where
PES = _(PS/PO)PO/EO = —111Po exp(—l.ll‘g’s)

For high-cone angles 6., the measured effect of a approaches
the estimated effect for constant' é (Fig. 14). However, for
more slender nose cones, the boundary-layer buildup effect,
(dP¢,/da)s L., has an alleviating influence that at 8. = 15°
is large enough to cancel completely the inviscid pressure
gradient increase with «. Thus, (dA,/da)s.r. peaks out
at 0. = 20° (Fig. 15). At lewer 6, it decreases because of
the increased (dPg/da)s... = (0P¢/08)(dé/da); at higher
6. it decreases because of the decreasing magnitude of (QAE,/
00)(dd/de), resulting when the shock moves closer to the
shoulder (as noted earlier in discussing Fig. 12). With
(0AE,/d0); measured as (dAi/d6.), and (OP:,/0a)s pre-
dicted by Eq. (23), the effect of (inviseid) pressure gradient,
QA& /0P, 1s given by Eq. (15). The results for M. =
0.88 are shown in Fig. 16.

Conclusions

Analytical methods have been developed that can define
the loads induced by terminal shock boundary-layer inter-
action on cone-cylinder bodies at high subsonic speeds. The
resulting boundary-layer separation is controlled by forebody
crossflow and pressure-gradient adversity. When the shock
is not near the cone-cylinder shoulder, the crossflow effects
dominate, whereas near the shoulder the adversity of the
pressure gradient plays the dominant role. A region exists
near the shoulder where the adversity of the pressure gradient
is so large that the boundary layer cannot support the normal
shock. Consequently, when the angle of attack exceeds a
critical value, sudden complete leeward-side separation occurs,
and large discontinuous load changes result.

TERMINAL-SHOCK BOUNDARY-LAYER INTERACTION ON BODIES 1111

Appendix: Shock-Induced Cylinder Loads

The normal force loading on the cylinder between stations
& and £, is in coefficient form

Cror = — % f's #o f -/ 22 C,(E,0)0.5 sinpdedt (A1)

/

The corresponding normal forece derivative is

Cra)est = — T f N "2 p (ko) singdedt  (A2)

0o/Dtes —n/2
According to Egs. (6) and (8),

Palte) = 222 exp(—/8) (A3)

Do/ P, 18 given by Eq. (8) where 6, now includes the a-effect,
ie.,

(0:)etsective = 0. + o sing (A4)
Thus P, becomes
Pa(t,0) = —2.7(po/pe,) [exp(—£/%) ] sing  (AD)
and Eq. (A2) gives
Cragy = —54(po/q) Eolexp (— £/ &) — exp(— &/8)]  (A6)
For a long cylinder, the total eylinder load is (fs— « ; & = 0)
Crag = 5:4(po/q) 60 (A7)

With a terminal shock standing at £ the attached flow pres-
sure jump is, by Eq. (3)

Acpsh = —Plptoo/qm (Ag)

As the shock strength remains constant for M, = constant,
P; remains constant, and Eqs. (A5) and (A8) give (for £ = 0)

dEam/da = (&/Po)OPo/da = —2.7(&/Po)(po/D1.,) sine  (A9)

In the attached flow case, the shock movement can be as-
sumed to vary linearly up to angles-of-attack (o = ay + 6)
of practical interest (e < 10°). Thus

dfsw/da = [(dém/da)y=r/2] sing
(dEiw/da)p=n2 = (Aén/A8)w = —(dEw/dO)ww

The corresponding shock-induced load derivative is obtained
through Eq. (A1) as

ACya, = 2AC,, (dEw/da) =172 (A1)

} (A10)

To first order accuracy the total load on the cylinder is
(Crac)sn = Cray, (En) + ACway, (A12)

where ACyq,, is given by Egs. (A9)-(All) and Cwa,, (&)
is obtained from Eq. (A6) with & = £a, & = 0.

Correspondingly, the total cylinder load in separated flow
is defined by Eq. (Al12) with subscript sh replaced by s.
Chay,(£) 1s obtained from Eq. (A6) with & = &, & = 0,
and ACyq, is given as

VI ag\ _ (de
ACxo, = ACyy, = AC,, l:( 20 >LW < 40 )WW] (A13)

where AC,, is given by Eq. (A8) with subscripts 1 and sh
replaced by s. AC,, is assumed to be constant (like AC,,)
and the normal force variation with angle of attack is caused
by the shoek movement. At nonzero angles of attack the
windward-side shock movement becomes small relative to the
leeward-side shock movement, and at (trim) angles of attack
of moderate magnitudes, e.g., ay > 4°, (d&,/df)ww can be
neglected.
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The total cylinder forces including shock boundary-layer
interaction effects can be expressed as follows:

(CNac)s = ONasl + AiCNasz + AiCNaa (A14)
sz,;1 = 5.4(po/Pec) boll — exp( — £:/€0) Ipr/¢  (A15)

dgs
Cra,, = 2AC,, |1 — exp(— a'./&)] ('&%)LW (A16)

AiCya, = AC,[(dAE/dO) 1w — (dAiE,/dO)ww] (A1T)
AC,,, = (Do — Pw) exp(—Esn/£0)/Ge (A18)

AC,, = (po — po) exp(— £/ &) /¢ (A19)
Aig, = & — £ (A20)
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